The speed of tsunami waves is typically calculated using the shallow-water 3 approximation over a rigid-body Earth. Recent comparisons of tsunami arrival 4 times from the March 11, 2011 tsunami suggest, however, that the standard for-5 mulation has errors around the one percent level, and it has been suggested that 6 the elasticity of the Earth can explain the discrepancy. While previous work has 7 indeed shown that such elastic deformation can modify tsunami speeds, the ef-8 fect has been neglected partly due to the difficulty in understanding how large 9 this elastic effect is. Here, we remedy this by providing a new derivation and 10 expression for how to incorporate the first-order effect that solid Earth elastic-11 ity and ocean water compressibility has on tsunami speeds. This result is shown
from the 2010 Maule Earthquake and the 2011 Tohoku-Oki Earthquake, have main arrivals 27 that are later than expected from the standard theory [Simons et al., 2011; Watada et al., 2011; 28 Kusumoto et al., 2011; Yamazaki et al., 2012; Grilli et al., 2012; Kusumoto et al., 2012 ]. Yet 29 even though there exist theoretical frameworks [Sells, 1965; Ward, 1980; Okal, 1982; Comer, 30 1984; Lynett and Liu, 2004] which suggest various potential improvements to the standard the-31 ory, the relative complexity of these formulations makes it challenging to understand what ef-32 fect is most important and what this effect is most sensitive to. To address this issue, here we 33 present a new derivation for the effect of solid Earth elasticity and ocean water compressibil-34 ity on tsunami wave speeds. The elastic correction to tsunami phase velocity is shown to be 35 proportional to wavelength, inversely proportional to an average shear modulus, and has no 36 dependence on ocean depth. Inclusion of this correction seems to explain a significant part of used to define the state of the system, where ξ often signifies a displacement, and ξ undergoes 48 simple harmonic motion. In such a case, U = 1/2 · K · ξ 2 and T = 1/2 · M · (dξ/dt) 2 , where
49
K is an effective stiffness, M is an effective mass and t is time. For example, for a simple 50 spring-block system, ξ is displacement of the block, K is the spring's elastic constant, and M
51
is the mass of the block. The frequency of oscillation, ω, in such a system can be expressed as
Theory Applied to the Standard Tsunami Problem with Rigid Bottom
As has been shown previously [e.g., Lighthill, 1978; Stevenson, 2005] 
64
Since vertical velocities,ẇ, are of order dξ/dt and since kH 1, Eq. (1) shows thatu ẇ
(by a factor of 1/(kH)) so that vertical velocities can be safely ignored in computations of T .
66
With this approximation, both U and T can be calculated by direct integration. Per unit area,
67
averaged over a wavelength, we have
where ρ is water density, g is the acceleration of gravity, and U is referenced to the center of 72 mass of the undisturbed ocean. We can therefore identify
so that ω 2 = gHk 2 . From this dispersion relation, one can then calculate phase velocity as 
94
where µ is the shear modulus and ν is the Poisson's ratio of the elastic medium. Eq. (6) 
99
With w s (x) given by Eq. (6), ∆U 0 can be calculated as
101
and so U = U 0 − U e . We therefore find
103
For the opposite extreme end-member, where the elastic zone is of thickness H e 1/k (and 104 is rigid underneath), the same pressure loading of Eq. (5) 
107
109
For a layered elastic halfspace, the solution is more complicated and, in general, must be 110 numerically calculated. However, we note that a fair approximation may be obtained by using
111
Eq. (9) where 
122 and therefore
124 where the approximation is valid since w s h. From Eq. (13) we can immediately estimate 125 the decrease in tsunami speed expected from incorporating the elasticity of the solid Earth. To 126 make a preliminary estimate of the magnitude of this correction, we take k = 2π/1000 km, 127 µ = 5 · 10 10 Pa, ν = 0.3, ρ = 1000 kg/m 3 , g = 9.8 m/s 2 , which yields an estimate of a -1.1%
128 phase velocity correction due to elasticity. We therefore see that this correction is significant 129 and, for example, is much larger than the correction of using the non-shallow-water equations
130
(c = g tanh(kH)/k rather than c = √ gH) for 1000 km wavelengths and typical ocean 131 depths (≈ 4 km). The conclusion that this correction is significant differs from that of Okal
132
[1982] potentially because his work does not fully account for perturbations in the gravitational 133 potential of the solid Earth.
134
We note that our result can be shown to agree to first order with the expression of Comer case, he ends up with a relation that can be simplified and approximated as
when assuming ν = 1/4 and, as before, that w s h and kH 1. This then suggests the 140 non-shallow analog of Eq. (13) to be
143
where we still assume w s h, and the approximation is valid to first order in the small param-144 eter kH. 
Tsunami Problem with Variable Water Density
Accounting for the increase of ocean water density with depth (due to ocean water compress-146 ibility, which dominates over the effects of temperature and salinity on density) also yields a 147 systematic correction. In the standard formulation (e.g., Eq. (4)), it is observed that dependence 148 on the density of ocean water disappears since both K and M are proportional to ρ. However, if 149 density increases with depth, the derivations of Eqs.
(1)-(3) must be revised. We begin our red- 
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and we find thatu is still constant with depth. The general continuity equation,ρ + ∇ · (ρu) = 0 157 can be simplified as
159
Integrating z from the bottom to the surface, and ignoring higher order terms then yields (1) as
165
The integrated continuity equation (mass conservation) also dictates that the average surface 166 height no longer remains constant and we must now distinguish between the reference water 167 depth H 0 and the average water depth H(t) = H 0 (1 + α(t)). Mass (averaged over one wave-168 length) is given by 
179
where U g0 is U g in the reference state. Similarly, U pV can be calculated as
183
Adding the two contributions therefore gives 
188 where ∆ρ = ρ 2 0 gH 0 /K ≈ ρ H − ρ 0 . We note that this correction of Eq. (24) is asymptotically 189 similar to other density corrections proposed previously but is different in the numerical factor.
190
For example, where our Eq. (24) has 1/4, Okal [1982] obtains a factor of 1/6 from solving a 191 normal mode problem, whereas the classical compressible tsunami solution has a factor of 1/2
192
[D. Wang, personal communication] . In both of these alternative derivations, it seems that den-sity is assumed constant with depth but compressible, whereas our derivation assumes a more X -12 TSAI ET AL: ELASTIC TSUNAMI SPEED realistic density profile increasing linearly with depth (in accordance with the compressibility).
195
We attribute the difference between our prediction and those others as due to this difference 196 in assumption, but a full analysis of why these discrepancies exist is beyond the scope of this 197 paper. We also note that our correction can also be obtained simply by substituting Eq. (16) 
210 where ρ avg and ρ H now pertain to the portion of the water column that has significant motion.
211
For example, in the deep-water limit, both densities may be expected to be equal to the surface 212 density ρ 0 and therefore not have an effect on c. 
Application to the Earth
To more accurately compute the elastic correction of Eq. (13) 
